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Abstract 



We compare the entropy as a function of energy of excited strings and black strings in 
an asymptotically plane wave background at the level of the correspondence principle. 
For the plane wave supported by the NSNS 3-form flux, neither the entropy formula 
nor the cross-over scale is affected by the presence of the flux and the correspondence is 
found to hold. For the plane wave supported by the RR 3-form flux, both the entropy 
and the cross-over point are modified, but the correspondence is still found to hold. 



1 Introduction 



Plane waves have received increased attention recently as an important background space- 
time in string theory. These backgrounds are interesting for two reasons. On one hand, the 
theory on the world sheet admits a simple realization, making many explicit computations 
possible [1] even in the presence of a Ramond-Ramond background flux [2]. On the other 
hand, certain plane wave backgrounds [3] admit dual interpretation as a scaling limit of 
certain field theories [4]. This provides an exciting opportunity to explore gravitational 
physics, in an asymptotically plane wave background geometry, strictly in the framework of 
quantum field theory. 

The most immediate application of this duality in addressing problems of gravity that 
comes to one's mind is the physics of Schwarzschild black holes. Consideration of Schwarzschild 
black holes in an asymptotically anti de- Sitter space-time played a significant role in clar- 
ifying the nature of holography in the context of AdS/CFT correspondence [5], and it is 
natural to expect that Schwarzschild black holes in an asymptotically plane wave space-time 
would equally clarify the nature of the correspondence of [4] . The first step in such a line 
of investigation is to construct an explicit black hole solution. Immediately following the 
proposal of [4], there have been numerous attempts to construct solutions of this type, with 
precisely this goal in mind. 

Constructing Schwarzschild black hole solutions in an asymptotically plane wave space- 
time has proven to be extremely challenging. The difficulty stems from the fact that the 
symmetries of a background with a horizon and an asymptotically null background fiuxes 
are not transparent. A review of the structure of horizons and plane waves can be found 
in [6]. 

The first explicit solution of Schwarzschild black strings in an asymptotically plane wave 
solution was written down very recently in a series of papers [7, 8] . (An explicit solution of 
a BPS black string in an asymptotically plane wave geometry was identified earlier in an 
inspiring paper [9] .) Unfortunately, these black strings are embedded in a wrong asymptotic 
plane wave for the correspondence of [4] to be apphcable. This correspondence relates a limit 
of jV' = 4 SYM to type IIB string theory on a plane wave supported by the Ramond-Ramond 
five-form flux [3] . The solutions constructed in [7, 8] are that of black strings embedded in 
a plane wave supported either by the NSNS or the RR three- form fluxes [10, 11]. We are 
therefore unable to explore the properties of these black holes by studying the J\f — A SYM 
and using the correspondence of [4] . 

Despite this shortcoming, plane waves supported by three-form fiuxes are still special in 
that the world sheet theory is simple. Of course, the application of full interacting string 
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theory as a means to study the microscopic properties of Schwarzschild black holes is an 
important outstanding challenge, even if the world sheet theory is extremely simple (such as 
in the case of Minkowski space). There does exist, however, a scheme to semi-quantitatively 
compare the properties of free strings and black holes, sometimes referred to as the corre- 
spondence principle [12, 13]. The goal of this article is to explore the black string solutions 
of [7, 8] in this context. 

Correspondence principle in plane wave space-time was also considered in [14], but its 
content appears to have very little overlap with what is presented in this paper. 

The organization of this paper is as follows. We begin in section 2 by reviewing the 
construction of black string solutions [7,8]. In section 3, wc review the correspondence 
principle and how it applies to black strings in plane waves supported by the NSNS 3- 
form field strength. In section 4, we describe the string theory computation relevant for 
the application of the correspondence principle. In section 5, we examine the status of the 
correspondence principle for the plane waves supported by the RR 3-form field strengths. 
We will conclude in section 6. 

It should be emphasized that the construction of a black hole/black string solution in an 
asymptotically plane wave space-time supported by the RR five-form remains an important 
outstanding problem. We hope that this problem will be solved in due course and will pave 
a path toward a quantitative study of black hole physics in terms of the A/" = 4 SYM theory. 

2 Black Strings in Asymptotically Plane Wave Space-Time 

In this section, we will review the construction of black string solutions first reported in [7,8]. 
The main ingredient behind this construction is a set of manipulations which was originally 
formulated in [15] which we refer to as Null Melvin Twist following [8]. The reader should 
refer to [8] for the details of this manipulation. Here, we summarize the steps using a slightly 
different notation. 

1. Consider a ten dimensional Minkowski space-time for a type IIB supergravity theory, 
written in terms of coordinates y, pj, 4>i- 

ds'' 

2. Boost to a new frame 

c: 



= -de + dy^ + Y.{dp^ + p-'d(t>i) 



(2.1) 



i=l 



cosh 7 — sinh 7 \ ( t' 
— sinh 7 cosh 7 j \ y' 



(2.2) 
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3. Compactify y' so that it has radius R and T-duahze along y' so that the new coordinate 
y' has radius a'/R. 

4. "Twist," by replacing d4>i by d4>i + tUj dy' in the line elements 

5. T-duahze from y' to y' 

6. Boost back to the original frame 



t' \ I cosh 7 sinh7 \ ( t 
y' I \ sinh7 cosh 7 I \ y 



(2.3) 



At this stage, one arrives at a seemingly complicated space-time depending on parameters 
R, 7 and uji for i = 1 ... 4. All of these space-times, however, are related to Minkowski 
space by dualities, boosts, and twists, and belong to the class of exactly solvable string 
theories considered [16, 17]. For example, setting 7 = gives rise to the general NSNS 
Melvin solution. If instead we set all Ui — uj and 

7. Scale 7 to infinity, keeping 

77 = -Loe* = fixed . (2.4) 
Then, the end result is a plane wave geometry 

ds^ - -df + dy^-r]\\dt + dy)^ + Y.{dp^,+p^id(l)^,) 

e'^ = 1 '"^ (2.5) 

4 

B = ri{dt + dy) A{J2p'fd<j)i) 

i=l 

where — Y^iPf- 

Although we have so far only described Null Melvin Twists applied to Minkowski space- 
time, these manipulations can easily be applied to any space-time with a translational isom- 
etry for T-dualizing and a rotational isometry for twisting. One can, for example, apply the 
Null Melvin Twist to the Schwarzschild black string solution 

ds"" = -f{r)de + dy"" + -j^dr'' + r'dQ^ (3.6) 

m = 1 - ^ ■ (2-7) 

To apply the Null Melvin Twist, it may be more convenient to rewrite 

^ -dr' + r'dn', as ^-^dr' + Y.{dpl + p1dct>l) . (2.8) 



/(r) ' fir) 
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In the end, one obtains the space-time 

,9 f (r) (1 + 77^ r^) ,n 2rfr'^f{r) , , rf r'^\ ,n 

+ "''"y -/('■)) (2,9) 

/(r) 4A;(r) ^ ' 

= 



where 



k{r) 

2 

fc(r) = l + ^, and rV = - J] p^^c^, . (2.10) 

^ i=l 

This is the supergravity solution for a Schwarzschild black string in an asymptotically plane 
wave space-time supported by an NSNS three form flux, whose magnitude is parameterized 
by 7]. A similar solution supported by the RR three from flux can be constructed immediately 
by S-dualizing the supergravity solution. These are the solutions that we will be considering 
in this paper. 

Let us comment about the physical properties of these black strings. Among the most 
basic physical characteristics of black strings are its horizon area and its surface gravity. The 
horizon for the space-time ()2.9j) is located at = M. Its area in Einstein frame is readily 
computed to be 

A = 2-nRM'^/^VLT , (2.11) 

where we have assumed that the y coordinate is compactified^ on a circle of radius i?, and 
^7 is the area of the unit 7-sphere. This area is independent of the background field strength 
parameterized by rj. 

Computing the surface gravity is a bit more subtle. It is defined as 

«' = -^(Vr)(V.a) (2.12) 

in Einstein frame, where is the time-like Killing vector normal to the horizon (See e.g. [19]). 
In the case of solution ()2.9|) , the vector 

r^(g° (2.13) 

turns out to be the one normal to the horizon. For this choice of the time-like Killing vector, 
the surface gravity 

= (2.14) 

Ml/3 ^ ^ 

^Such a compactification gives rise to closed time-like curves and may lead to additional subtleties of the 
type considered in [18]. We will not be addressing this point in this paper. 
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also comes out to be independent of the parameter rj. Of course, the precise value of the 
surface gravity and temperature depends on the normalization of the Killing vector We 
will choose to normalize ^" precisely as ()2.1H|1 in the coordinate where the metric asymptote to 
a geometry of the form given in ()2.9|1 . This means that in order to make a sensible comparison 
between black hole thermodynamics and the statistical mechanics of a microscopic system, 
one must evaluate the Boltzmann trace of the specific Hamiltonian operator conjugate to 
the Killing vector (j2T8|) . 



3 Review of the Correspondence Principle 

The correspondence principle states that in a weakly coupled string theory, an object of 
mass m has the physical properties of a classical black hole to a good approximation as 
long as the curvature of the metric in string frame near the horizon is smaller than the 
scale set by the string scale, and has the physical properties of an excited string if the 
Schwarzschild radius is smaller [12]. As a consequence of this principle, at the critical mass 
m where the Schwarzschild radius is of the order of the string scale, the entropy of the excited 
string in a flat background and the entropy of the black hole must also be of same order of 
magnitude [13]. 

This principle can easily be verified for black holes and black strings in asymptotically 
fiat space-time. Let us consider, for the sake of concreteness, a neutral black string in ten 
space-time dimensions (I2.6|l wrapping a compact circle of radius R, which is equivalent to 
a black hole in nine space-time dimensions. The square of the Riemann curvature tensor 
RiivXaR^^^" scales as l/rl^, indicating that the expected cross-over scale is when th is of the 
order of /^.^ 

The entropy of such a black hole is easily computed to be 

Sbh = ^{G^Ef^ (3.1) 

Org 

where E is the energy associated with the black string 

M , , 

E = jr (3-2) 

and is derived using the standard relation dE = TdS. Gg is the nine dimensional Newton 
constant 

- IT - ^ ■ ^^-^^ 

^To be more precise, the square of Riemann tensor does have a mild dependence on 77, behaving hke 
f{'r])/rf[ where f{rj) is a function which smoothly interpolates between numbers of order one as 77 is varied 
from zero to infinity. 
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The entropy of a string is dictated by the Hagedorn density of states 

Ss = IsE . (3.4) 

We have ignored the numerical factor of order one in this estimate as they are irrelevant in 
the context of the correspondence principle. The Schwarzschild radius is 

r% = G,E . (3.5) 

One can immediately verify that the entropies 

Sbh = Ss = ^ (3.6) 

Org 

match when 

ll = r]i = G,E . (3.7) 

This relation holds for any value of Qs provided that its value is of order one or less. This is the 
essence of the statement of the correspondence principle for black strings in an asymptotically 
fiat space-time. 

One additional technical comment is in order regarding the Gregory-Laflamme instability 
of the black string solution. Black strings are unstable to decay when the Schwarzschild 
radius th is of the order of the compactification radius R. This means that the black string 
is unstable at energies below E = R^/ Gg. In order for this instability to be hidden below the 
cross-over scale, R must be of the order or smaller than Ig. Of course, if R is smaller than 
Ig, one must worry about the Gregory-Lafiamme instability of the T-dual picture. We are 
therefore forced to consider the case where the compactification radius R is of the order of 
the string scale Ig in order to apply the correspondence principle to the black string solution. 

In the case of the black strings in an asymptotically plane wave background ()2.9j) . we 
found in the previous section that the area of the horizon and the surface gravity are unaf- 
fected by the three form field strength parameter rj. This implies that the entropy and the 
temperature are also unaffected by r]. In order for the critical mass at the cross-over point 
to correspond to a black string whose Schwarzschild radius is the string scale, the entropy 
of the strings in the plane wave background should also be unaffected by rj. This is what we 
will examine in the following section. 

4 Thermal Partition Functions for Strings in Plane Wave Geom- 
etry 

In this section we will describe the computation of the thermal partition function of strings in 
asymptotically plane wave background from which one can derive the formula for the entropy 
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which enters in the consideration of the correspondence principle. Our goal is to compute 
the Boltzmann trace over for the spectrum of generator ()2.13|) for the set of string states in 
these backgrounds. Our task is drastically simplified in light of the fact that quantization 
of the strings and the computation of closely related one loop partition functions have been 
done already by many people [1,16,17,20-32]. For the purpose of illustration, let us work 
with the bosonic theory and follow the notation of [16]. This paper considered string theory 
in a background defined by the sigma-model of the form 

/ = I £a [F-^{x)CC + C{du' + A^) - C{dv' + A2) + V dx[dx'*] (4.1) 

where 

A = dy^--Y, ai{x'idx'* - x'*dx'i) 

i 

A2 = dy,+ '-J2P,{x'M-x';dx'^ 

i 

F-\x) = 1 + J2aipix[x'; 

i 

x'i = e'^'i+^y+'i-^'^Xi . (4.2) 

We have slightly generalized the model of [16] to allow non-vanishing values of g+j, 
and g_j for each of the 12 transverse planes of the bosonic string theory. Setting 

ai = 2r], Pi = 0, q+i = rj, q_i = -rj . (4.3) 

gives rise to precisely the 26 dimensional version of the plane wave geometry (j2.5|) . 
The vacuum partition function in this background is 

Z,= f fly f ^Tr (e^-KrLo-fLo)\ (44) 

where 

e = -iE (4.5) 

is the imaginary extension of the zero mode along the time coordinate and sum over m and 
w corresponds to the momentum and the winding number along the compact y coordinates. 
The r integral is done over the fundamental domain JF. 

To compute the thermal partition function, on the other hand, we must evaluate 



Je T2 ^7 27T V 



T Je T2 



(4.6) 
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where 8 refers to the semi-infinite strip < ri < 1, < r2 < oo. To see that this is the 
thermal partition function, write 

27ri(rLo - tLq) = -27rr2(Lo + Iq) + 2mn{Lo - U) (4.7) 
where the term proportional to T2 can be rewritten 

L^ + Lo = ^{~E^ + AE + B) (4.8) 

where A and B are simultaneously diagonalizable operator acting on the space of oscillating 
strings. Integrating out e, ri, and T2 gives rise to 



Z^ = Tr|exp|--|^yi? + ^ + 4| |5lo-Lo1 (4-9) 

which can readily be interpreted as the Boltzmann sum over the ensemble of excited single 
string states. This form of writing the thermal partition function can be related to the 
formulation in terms of light-cone Hamiltonian as it appears for example in [25] by starting 
from ()4.(i|l and following the sequence of steps 

1. Decompactify the y coordinate by replacing m by Rpy, setting = 0, and sending R 
to zero. 

2. Change variables by setting py = — E 

3. Set E = ie and integrate out e and T2. 

Decompactification however will give rise to a diverging volume factor. While overall nor- 
malization of the partition function is not particularly important for computing the density 
of states, we will make the point of compactifying y the coordinate on finite spatial circle, 
at least near r = 0. 

Details of the computation of the thermal partition function will be presented in the 
appendix. Here, let us simply quote the result that for the general model, the thermal 
partition function takes the form 

RV22 f d^T ^ ^,-1 ^e^-,,, 



E £^|/(e-)|- 



i2nr a'^-T r| ^^^^^ \ ^ J J \ 

,fiA(27r)2 2T2 ^ e,{x^\T)e,{x^\f) ) 

exp (^-Anr,' (^AA - (^^r{w' - rw) + ^^^^^) A (4.10) 
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where 



X^ = -v^[2AA + g_,.rK-™)] + '^-^^^' 



27iT _ 

X^ = -v^[2a,A + g+,rK - ™)] + ^^^^^-^^ . (4.11) 

The Hagedorn temperature associated with this thermal partition function can be ex- 
tracted by studying the large T2 asymptotics of the integrand of the r integral [33]. In this 
limit, 

/(e-)^l. Mlll^^ ^ 1 , (4.12) 

ei{Xi,r) sm(7rxi) 2t2 

so that the A integral becomes Gaussian. After doing this integral, The Hagedorn tempera- 
ture can be extracted by comparing the growth of e^'^^^ and the decay of 

The critical temperature Tcru comes out to 

T,„t = — ^ , (4.14) 



Airy a 

which takes the smallest value 

Th = (4.15) 



Airy/ a' 

for k = 1. This result is independent of rj which only enters the partition function through the 
values of Pi, q+i, and So we find that the Hagedorn temperature for the plane wave 
is the same as the Hagedorn temperature of bosonic strings in Minkowski space. This was 
in fact pointed out first for the case of backgrounds compactified along a light-like direction 
in [27]. We therefore conclude that the entropy of strings in (|2.5|) is also given by (|3.4p . 
Since neither the black string entropy nor the string entropy were modified by the presence 
of 7], the two will be of the same order of magnitude precisely when the Schwarzschild radius 
is of the order of the string length. In short, the correspondence principle is working. 



5 Correspondence Principle for Black Strings in a Plane Wave 
with Ramond-Ramond Flux 

So far, we have considered the cross-over in the physical properties of excited strings and a 
black string in the background of plane wave supported by the NSNS three form flux. Let 
us now consider the same issue for the case of plane wave background supported by the RR 
three form flux. 
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On the black string side, the supergravity solution corresponding to a black string in 
an asymptotically plane wave background with RR three form flux with strength fi can 
be constructed straightforwardly by S-dualizing the solution ()2.9j) . As far as the physical 
properties such as the horizon area and the surface gravity is concerned, one should work 
with these space-time in the Einstein frame. The Einstein metric, however is invariant under 
the S-duality transformation, leading to the conclusion that the entropy and the temperature 
is independent of the strength of the background Ramond-Ramond three form /i. 

On the perturbative string side, the generalization of ()4.1()j) for type IIB theory with 
RR-background can also be computed and takes the form 

E E E e ^^^^ ^2"" ' ZX^^^{T,T-m) , (5.1) 



fc'G2Z+e2 

where^ 

R^ \ 
j{w' ~ Tw){w' — fw) \ , (5.2) 

^2 / 

and 

Or.^;"»)- e'°1:- (5.3) 

0(0,0)1^ , ^ , m) 

as was defined in [24,27]. This partition function corresponds to space-like compactification of 
the y coordinate near r = so as to provide a natural normalization to the partition function. 
It is related to the light-cone compactified case of [27] by infinite boost accompanied by a 
scaling of R and fi. To take the fiat space limit, one should replace the divergent factor 

1 _ 1 

° ~ (27r) V|m2 ~ (27r) 2r|"^' ' 

which comes from the trace over the bosonic zero-mode oscillator 

Zt = ZoZ'rp , (5.5) 

by the standard zero-mode factor 

^0 = TT^—, ■ (5-6) 

The Hagedorn temperature can be computed by analyzing the large T2 behavior of the 
r integral as before. This time, however, one finds that the Hagedorn temperature, given 



^Note that we are using ^ which differ in normalization with what was used in [27] by a factor of \/2. 
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implicitly by the relation 

does depend on the strength of the background RR flux /x, as was found earlier in similar 
models [25-28]. We have used the notation of [27] where 

A(m;a) = ^ V / (ise"*" cos(27rna) . (5.8) 

For small iilg, the Hagedorn temperature Th is of the order of the string scale l/lg. For large 
fj,ls, Th grows like 

^^^^^^ 2M/.g (l + ^(VlogW)) . (5.9) 
To test the correspondence principle, first note that the entropy of the black hole 

S^^iCEy/' (5.10) 



and the entropy of the excited strings 



are in agreement precisely when 



^=tT^ (5-11) 



The correspondence principle requires that this is precisely the point where the curvature 
of the black-hole solution gets large in the unit set by the dynamics which gives rise to 
fluctuation in the background. In a sufficiently weakly coupled string theory, this fluctuation 
is associated with the stringy halo. The scale of this halo is set by the scale of the exponential 
growth in the density of stringy excitations. So if the correspondence principle is working, 
one expects the curvature near the horizon of the black hole to be of the order of magnitude 
set by Th{ij>) when the radius of the horizon is of the same order rn — i/TH{lJ>)- 

By explicit calculation, one flnds that the curvature of the black string solution in the 
Ramond-Ramond plane wave background scales like 



R^rn, /.) = = { , ] . (5.13) 



One then conflrms that the dimensionless quantity 

R'irH,f^)THifJ.)\ (5.14) 



11 



at expected cross-over radius th = l/TnifJ^), is always of order one regardless of the value of 
fils as long as one also treats log{fils) as a quantity of order one. It appears therefore that 
the correspondence principle is indeed working even though both the Hagedorn density and 
the curvature depend non-trivially on fi. 

One additional condition, which was assumed imphcitly in this discussion, requires that 
the string coupling be sufficiently weak, in order to ensure that the entropy of excited strings 
at the cross-over scale 

E _ r% _ 1 

is macroscopic. 



6 Discussion 



In this article, we computed the entropy as a function of energy for black strings in an asymp- 
totically plane wave background and for string theory in the same plane-wave background. 
In fact, the thermal partition function can be computed for any of the "exactly solvable" 
backgrounds ()4.1|) in string theory considered in [16,17], by substituting appropriate values 
to the general expression for the thermal partition function derived in section 4. For example, 
plane wave metric written in the form 

4 

ds^ = -dt^ + dy"^ + Y^{dpl + 27] pj d(j)i{dt + dy)) + Y^{dpl + pfdcfl) (6.1) 

i i=l 

which is useful for relating plane waves to Godel universes, corresponds to setting 

«i = 2r/, A = 0, g+i = 0, g-i = 0. (6.2) 

Other related backgrounds, such as the Melvin universe, can also be considered. Indeed, a 
large class of black string solution in various asymptotic geometries can be constructed using 
a generalization of the Null Melvin Twist, and for each of these solutions, the corresponding 
thermal partition function for the free strings can be computed and compared. 

A rigorous definition of mass and energy in a non-asymptotically flat space-time, however, 
can be rather subtle. In this paper, we used the notion of energy implied by the thermo- 
dynamic relation dE = TdS, and found that the correspondence principle is working well 
with this definition. This however should not be considered as an acceptable substitute for 
a careful definition of mass and energy in these spaces, and we hope that a more satisfying 
formulation of these quantities would appear in the literature in a due course (and hopefully 
in agreement with our expectations). 
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Appendix A: Detailed Computation of the Thermal Partition Func- 
tion 



In this appendix, we describe the computation of thermal partition function. We follow 
much of the notations of [16] to which readers are referred for additional information. 

Thermal partition function can be computed in the path integral formalism with only a 
minor modifications of the vacuum 1-loop partition function. Let us consider the case where 
only one set of a, (3, q^, and g_ are non-zero for the sake of illustration. One loop partition 
function was computed in [16] and is given by 

rVoV22 [ (fr ~ -1 /■ „ ,t\ /e^''''' 



rA2 



1 exp[--fa-«l?lf-'°-:>l' (A.1) 



where x is 



(27r)2 2t2 'e^{x\r)eMr 

exp ^— 47rT2~^ ^AA — -r{w' — tw)X + -r{w' — fw)X^^ . 

X — —Vc^[2pX + q^r{w' — rw)] 

X = -Va'[2aX + q+r{w' - fw)] , (A. 2) 

r = R/\^ is the radius of the compact y direction in string units, and Vq is the infinite 
volume factor associated with the time direction. To compute the thermal partition function, 
evaluate the path integral around the background with boundary condition 

t((7i + n, (72 + m) = i((7i, 0-2) + (A.3) 

and integrate the modular parameter over the half-strip S instead of the fundamental domain 
J-. This makes the partition function take the form 
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(27r) 



1 P.nf ^2|^U0,r)p 



2t2 ^ei(x|T)^i(x|f) 



(A.4) 



exp ( — 47rr2 ^ AA — 



-r(w' — Tw) 

2 ^ inVa'T, 



A 



where now 



X 
X 



+ ( - rw) H 



-v/a'[2/3A + gf+r(w' - tw)] + 
—\/c^[2aX + q+r{w' — fw)] + 



2^ 
2^ 



(A.5) 



Using the trick of [34] , this partition function can be recast in a manifestly modular invariant 
form 



__ r 



4-7rT2 
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27riTM-48 



(27r)^ 



exp[- 



vr(x-xri ^2|^i(0,T) 



2r2 ^^i(x|t)^i(x|t) 



exp ^— 47rT2 ^AA — ^-r('u;' — tw) + 



i{k'-Tky 



A 



(A.6) 



X 
X 



^[2/?A + g+r(w' - rw)] + 
q;'[2q;A + q-^r{w' — fw)] + 



iq_{k' — rk) 

27iT _ 
iq_{k' — rk) 

2^ 



This expression is modular invariant. To see this, act with transformation 



1 



A 



A 



A 



A 

T T f ' 

(A;, k') {k', -k), {w, w') {w', -w) . 
which also causes x and x to transform according to 



(A.7) 
(A.8) 



X 



X 



X 



(A.9) 



X 

T f 

Of course, everything other than the r is just an integration variable, so this implies that the 
integrand of the r integral, when all of the other integrals are done, is a modular invariant 
function of r. In the most general case where ctj, /3i, q+i, and q-i for all 12 planes are 
non- vanishing, one finds 



E 



(27r)a'V2T ri 

^ ' ^ w,w'=—oo 



4r.- 



(iAiiA 



^2 



■|/(e 



27rjrM-48 
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) 



A 



(A.IO) 



As a check, note that in the hmit where all of the aj, g+j, and g_j goes to zero, there will 
be a diverging factor of l/{27i)'^{xiXi) for each of the 12 transverse planes coming from the 
contribution of the zero-mode to the path integral. Replacing this factor with the standard 
factor of V2/(27r)^a'r2, we recover the thermal partition function of bosonic strings in the 
conventional normalization. 

Thermal partition function for similar exactly solvable type II backgrounds can also be 
computed along these lines. 

Appendix B: Oscillator Computation of the Thermal Partition Func- 
tion 

In this appendix, we describe the computation of the thermal partition function using the 
oscillator approach. The goal is to explicitly evaluate 



for the background (j4.H) . Similar computation for the vacuum partition function was orig- 
inally done by [16]. We therefore refer the reader to [16] for more information regarding 
conventions and notations. In actually evaluating the partition function, we first trace over 
the oscillators and then integrate over the zero modes. This is opposite of the order in which 
the computation was done in [16]. Doing the trace first actually clarifies certain technical 
aspect of this computation. 

Let describe the case where only one set of ctj, (3i, q+i, and g_j is non- vanishing only for 
i = 1. One must then include the zero mode integral over p"'s 
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The Lq and the Lq operators are given by 



where 



and 



= 1 " 4'' + 8'' 

00 

= J2 ^i^n+bn+ + bi-bn- + alcana) 

n=l 

00 

n=l 

1 °° 



2 n=l 
2 00 

= blbo + - + Y,(bi+bn+-bi-K-) 

^ n=l 

_ a'/ / (a_ + c_)j V , (a+ + C4-)J ^ 

+ 



"a^ 2 j 4 



^^—^ — —mw A , B.4 



7 = (c+ + a+)wi? + ^(Q; + /3)s + ^(Q;-/3)p 

y - 2(^7 -[^7]). (B.5) 

The fact that the Lq operators depend on 7' which not a continuous function of 7 may seem 
to suggest that the evaluation of the partition function cumbersome. One can however show 
that this expression is invariant under shift of 7' by 2, by computing the trace over oscillators 
first. To address this issue, let us introduce auxiliary variables Jl and Jr and write 



(B.6) 

k'=-l 



T J J J T2 J-00 2n {2ny^ m,w^-oo 
e'''''/'^Ti6{JL - Jl)S{Jr - Jr) cxp[2m{TLo - fZo)] 

introduce an integral expression for the delta function 

SiJn - Jr) = j dx exp[-27rixi Jr - Jr)] , S{Jl- Jl) = j cix exp[-27rix (Ji, - Jl)] , 

(B.7) 
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and write 7 in terms of Jl,r as 
7 = (a+ + c^)wR + q;'[(c+ - a^)^y + (a_ - c_)£;] + Ja'la^ - - + c^) ( + J^) . (B.8) 



Using the trick of writing 



/TTTa 2 

exp (^—7 



22 2 / 
7rr — TTT i/7 



introducing shift of variables 



and integrating out i/, one can show that 
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The trace can be computed 
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giving 
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In this form, it can be readily verified that a shift 7' ^ 7' + 2 can be canceled by a shift of 
integration variables 

X^X + r, X^X + f. (B.14) 
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Now that we see that 7' can freely be replaced by 7, let us integrate out the zero modes e and 
Pai which is a Gaussian integral, and Poisson resum m. To evaluate the integrals further, it 
is convenient to introduce an auxiliary variable by multiplying the integrand by 



At. 



-1 



dXdX 



(B.15) 



exp ^— 47rr2 ""^[A — -r{w' — tw) + iT2Va'<yJ'[][X + -r{w' — rw) — iT2\fa' (ij'j^ . 

Then, J7X and ^Tr integrals give rise to a delta function which constrain x and x- As a result 
of these integrations, one finally arrives at 
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where 



X 



^[2/3A + g+r(w;' - tw)] + 
'o'paA + q+r{w' — fw)] + 



ic^k' 

27rT 
ia^k' 
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Up to a shift in A and A, this is identical to ()A.4jl and ()A.5|1 that was presented in the 
previous section. 
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